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• 相関関数の局在性（クラスタリング）

• 量子回路：リジッド光円錐

近年、冷却原⼦やイオン・トラップなど量⼦シミュレーターの実験技術が発達し、⾃然界に存在す
る・合成できる結晶体では実現し難い物質相を⼈⼯的に創出することが可能になった。また、この
ような⼈⼯量⼦系に周期駆動や散逸などを加えることで平衡から遠く離れた状態を⾼い精度で構
築・制御することも可能になった。このような背景の下で、今まで取り扱いが困難であった⾮平衡
系の物性理論が現在理論物理における最もアクティブな分野の⼀つになっている。
当研究室では⾮平衡物理に関する理論的研究を⾏っている。エキゾチックな⾮平衡物質相（例え
ば、時間結晶、⾮エルミートトポロジカル相）の探求や⾮平衡ダイナミクスにおける普遍的法則
（例えば、不確定性関係、リプ・ロビンソン限界）の解明を主要な⽬標とし、⾊々な分野（統計⼒
学、物性物理、量⼦情報、量⼦光学、数理物理等）を横断し幅広く研究テーマに取り込んでいる。
基礎論的な側⾯のみならず、⾮平衡物質相・現象・法則の実験的実現・検証及び⼯学的応⽤も探っ
ている。また、熱⼒学や複雑性など他の関連トピックにも関⼼を持っており、常に分野の融合や新
たな研究領域の開拓を⼼掛けている。

• 量子セルオートマトンの「トポロジカル相」

龔研究室(Gong Group)
⾮平衡量⼦多体系における新奇物質相の探求及び普遍的法則の解明

Exploring novel phases and universalities in quantum many-body systems out of equilibrium

量子セルオートマトン(Quantum Cellular Automata)

1. トポロジカル分類

2. エンタングルメントダイナミクス

2. 非エルミートトポロジカル相

3. 非エルミートナノフォトニクス

概要(Abstract)

1. 背景及び研究内容

2. セットアップ

1. 局所性による「光円錐」

2. 非平衡ダイナミクスへの応用

リープ・ロビンソン限界(Lieb-Robinson bound) 非エルミート物理(Non-Hermitian physics)

3. 平衡状態への応用
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cause the oscillations to decay, after approximately 50 periods. 
Although such temporal oscillations nominally break discrete 
time-translation symmetry, their physical origin is trivial. To see this, 
we note that for sufficiently strong microwave driving, Ω /!W J r,x ij 0

3, 
the dynamics during τ1 are governed by an effective polarization- 
conserving Hamiltonian17, Ω≈∑ +∑ /( )H S J r S Si x i

x
ij ij ij i

x
j
x

eff
3 . During 

τ2, the evolution can be approximated as a global spin rotation 
θ≈ − ∑θR i Sexp( )y i i

y  . When θ =  π , this pulse simply flips the sign of the 

x̂ polarization during each Floquet cycle, resulting in the ν =  1/2 peak. 
However, this 2T-periodic response originates from the fine  tuning of 
θ and should not be robust against perturbations. Indeed, a systematic 
change in the average rotation angle to θ =  1.034π  causes the 
2T-periodicity to completely disappear, resulting in a modulated, 
decaying signal with two incommensurate Fourier peaks at 
ν =  1/2 ±  (θ −  π )/(2π ) (Fig. 1c). Remarkably, we find that a rigid 
2T-periodic response is restored when interactions are enhanced by 
increasing τ1 to 989 ns, suggesting that the ν =  1/2 peak is stabilized by 
interactions. In this case, we observe a sharp peak in the spectrum at 
ν =  1/2 and the oscillations in P(nT) continue beyond n ≈  100 (Fig. 1d), 
indicating a persistent subharmonic temporal response.

The robustness of this apparent periodic order is further explored in 
Fig. 2. With an interaction time τ1 =  790 ns and θ =  1.034π , the 
 polarization exhibits an initial decay followed by persistent oscillations 
over the entire time window of our experimental observations (Fig. 2a). 
We perform a Fourier transform on subsections of the time trace with 
a sweeping window of size of m =  20 (Fig. 2a) and extract the intensity 
of the ν =  1/2 peak as a function of the sweep position, nsweep (Fig. 2b). 
The intensity of the ν =  1/2 peak clearly exhibits two distinct decay 
timescales. At short times, we observe a rapid initial decay that 
 corresponds to non-universal dephasing dynamics, whereas at late 
times we observe a slow decay. Only near the phase boundary 
(θ =  1.086π ) is the lifetime substantially decreased. We fit the slow 
decay to an exponential to extract a lifetime for the periodic order.  
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Figure 1 | Experimental set-up and observation of discrete time-
crystalline order. a, Nitrogen–vacancy centres (blue spheres) in a 
nanobeam fabricated from black diamond are illuminated by a focused 
green laser beam and irradiated by a microwave source. Spins are prepared 
in the | = 〉+ | =− 〉 /m m( 0 1 ) 2s s  state using a microwave −π /2 pulse along 
the ŷ axis. Subsequently, within one Floquet cycle, the spins evolve under a 
dipolar interaction and microwave field Ωx aligned along the  
x̂ axis for duration τ1, immediately followed by a global microwave θ pulse 
along the ŷ axis. After n repetitions of the Floquet cycle, the spin 
polarization along the x̂ axis is read out. We choose τ1 to be an integer 
multiple of 2π /Ωx to minimize accidental dynamical decoupling14.  
b–d, Representative time traces of the normalized spin polarization P(nT) 
measured at even (green) and odd (blue) integer multiples of T, and 
respective Fourier spectra S v( ) 2 for different values of the interaction time 
τ1 and θ: τ1 =  92 ns, θ =  π  (b); τ1 =  92 ns, θ =  1.034π  (c); and τ1 =  989 ns, 
θ =  1.034π  (d). Dashed lines in c indicate ν =  1/2 ±  (θ −  π )/(2π ). Data are 
averaged over more than 2 ×  104 measurements.
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Figure 2 | Long-time behaviour of discrete time-crystalline order.  
a, Representative time trace of the normalized spin polarization P(nT) in 
the crystalline phase (τ1 =  790 ns and θ =  1.034π ). The time-dependent 
intensity of the ν =  1/2 peak (inset) is extracted from a short-time Fourier 
transformation with a time window of length m =  20 shifted from the 
origin by nsweep. b, Peak height at ν =  1/2 as a function of nsweep for different 
pulse imperfections at τ1 =  790 ns. Lines indicate fits to the data using  
a phenomenological double-exponential function. The noise floor 
corresponds to 0.017, which is extracted from the mean value plus the 
standard deviation of ν∑ν S( ) 2, excluding the ν =  1/2 peak. c, Extracted 
lifetime of the time-crystalline order as a function of the interaction  
time τ1, for θ =  1.034π . The shaded region indicates the spin lifetime 
= ± µρT 60 2 s1  (extracted from a stretched exponential28) due to coupling 

with the external environment. d, Extracted decay rate of the time-
crystalline order (in Floquet units) as a function of θ for different 
interaction times: τ1 =  385 ns (circles), 586 ns (squares) and 788 ns 
(triangles). Only very weak dependence on θ −  π  is observed within the 
DTC phase, contrary to a dephasing model (Methods). In c and d, the 
vertical error bars display the statistical error (s.d.) from the fit and empty 
symbols mark data near the time-crystalline phase boundary.
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Control of both coherent and dissipative dynamics is then achieved
by finding corresponding sequences of maps (1) specified by sets of
operation elements {Ek} and engineering these sequences in the labor-
atory. In particular, for the example of dissipative quantum-state pre-
paration, pumping to an entangled state jyæ reduces to implementing
appropriate sequences of dissipative maps. These maps are chosen to
drive the system to the desired target state irrespective of its initial state.
The resulting dynamics have then the pure state jyæ as the unique
attractor, rS. yj i yh j. In quantum optics and atomic physics, the tech-
niques of optical pumping and laser cooling are successfully used for
the dissipative preparation of quantum states, although on a single-
particle level.The engineering of dissipativemaps for the preparationof
entangled states can be seen as a generalization of this concept of
pumping and cooling in driven dissipative systems to a many-particle
context.Tobe concrete,we focus ondissipativepreparationof stabilizer
states, which represent a large family of entangled states, including
graph states and error-correcting codes32.
We start by outlining the concept of Kraus map engineering for the

simplest non-trivial example of ‘pumping’ a system of two qubits into a
Bell state.TheHilbert spaceof twoqubits is spannedby the fourBell states
definedas W+

!! "
~ 1ffiffi

2
p 00j i+ 11j ið Þ and Y+

!! "
~ 1ffiffi

2
p 01j i+ 10j ið Þ.Here,

j0æ and j1æ denote the computational basis of each qubit, and we use the
short-hand notation j00æ5 j0æ1j0æ2, for example. These maximally
entangled states are stabilizer states: the Bell state jW1æ, for instance, is
said to be stabilized by the two stabilizer operatorsZ1Z2 andX1X2, where
X and Z denote the usual Pauli matrices, as it is the only two-qubit state
that is an eigenstate of eigenvalue 11 of these two commuting obser-
vables, that is, Z1Z2jW1æ5 jW1æ andX1X2jW1æ5 jW1æ. In fact, each of
the four Bell states is uniquely determined as an eigenstate with eigen-
values61 with respect to Z1Z2 and X1X2. The key idea of pumping is
that we can achieve dissipative dynamics which pump the system into a
particular Bell state, for example rS. Y{j i Y{h j, by constructing two
dissipativemaps, underwhich the twoqubits are irreversibly transferred
from the11 into the21 eigenspaces of Z1Z2 and X1X2.
The dissipative maps are engineered with the aid of an ancilla

‘environment’ qubit25,33 and a quantum circuit of coherent and dissip-
ative operations. The form and decomposition of these maps into basic
operations are discussed in Box 1. The pumping dynamics are deter-
mined by the probability of pumping from the11 into the21 stabilizer
eigenspaces, which can be directly controlled by varying the parameters
in the employed gate operations. For pumping with unit probability
(p5 1), the two qubits reach the target Bell state—regardless of their
initial state—after only onepumping cycle, that is, by a single application

of each of the two maps. In contrast, when the pumping probability is
small (p= 1), the process can be regarded as the infinitesimal limit of
the general map (1). In this case, the system dynamics under a
repeated application of the pumping cycle are described by a master
equation34:

_rS~{i HS,rS½ $

z
X

k

ckrSc
{
k{

1
2
c{kckrS{rS

1
2
c{kck

$ % ð2Þ

HereHS is a systemHamiltonian, and ck are Lindblad operators reflect-
ing the system–environment coupling. For the purely dissipativemaps
discussed here, HS5 0. Quantum jumps from the 11 into the 21
eigenspace of Z1Z2 and X1X2 are mediated by a set of two-qubit
Lindblad operators (see Box 1 for details); here the system reaches
the target Bell state asymptotically after many pumping cycles.

Experimental Bell-state pumping
The dissipative preparation ofn-particle entangled states is realized in a
system ofn1 1 40Ca1 ions confined to a string by a linear Paul trap and
cooled to the ground state of the axial centre-of-mass mode35. For each
ion, the internal electronic Zeeman levels D5/2(m521/2) and
S1/2(m521/2) encode the logical states j0æ and j1æ of a qubit. For
coherent operations, a laser at a wavelength of 729 nm excites the
quadrupole transition connecting thequbit states (S1/2«D5/2). Abroad
beam of this laser couples to all ions (Fig. 1a) and realizes the collective
single-qubit gate UX hð Þ~exp {i h2

P
i Xi

& '
as well as a Mølmer-

Sørensen36 (MS) entangling operation UX2 hð Þ~exp {i h4
P

i Xi
& '2( )

when using a bichromatic light field (h is controlled by the intensity
and length of the laser pulses). Shifting the optical phase of the drive
field by p/2 exchanges Xi by Yi in these operations. As a figure of merit
of our entangling operation, we can prepare 3 (5) qubits in a GHZ state
with 98% (95%) fidelity37. These collective operations form a universal
set of gates when used in conjunction with single-qubit rotations
UZi hð Þ~exp {i h2Zi

& '
, which are realized by an off-resonant laser

beam that can be adjusted to focus on any ion.
For engineering dissipation, the key element of the mapping steps,

shown as (i) and (iii) in Box 1, is a single MS operation. The two-qubit
gate, step (ii), is realized by a combination of collective and single-qubit
operations. The dissipativemechanism, step (iv), is here carried out on
the ancilla qubit by a reinitialization into j1æ, as shown in Fig. 1b.
Another dissipative process (P.S. et al., manuscript in preparation)
can be used to prepare the system qubits in a completely mixed state
by the transfer 0j i? 0j iz S’j ið Þ

* ffiffiffi
2

p
followed by optical pumping of

jS9æ into j1æ, where jS9æ is the electronic level S1/2(m5 1/2).
Qubit read-out is accomplished by fluorescence detection on the

S1/2«P1/2 transition. The ancilla qubit canbemeasuredwithout affect-
ing the system qubits by applying hiding pulses that shelve the system
qubits in the D5/2 state manifold during fluorescence detection38.
We use these tools to implement up to three Bell-state pumping

cycles on a string of 211 ions. Starting with the two system qubits in a
completely mixed state, we pump towards the Bell state jY2æ. Each
pumping cycle is accomplished with a sequence of eight entangling
operations, four collective unitaries and six single-qubit operations
(see Supplementary Information). The pumping dynamics are probed
by quantum state tomography of the system qubits after every half
cycle. The reconstructed states are then used to map the evolution of
the Bell-state populations.
In a first experiment, we set the pumping probability at p5 1 to

observe deterministic pumping, and we obtain the Bell-state popula-
tions shown in Fig. 2a. As expected, the system reaches the target state
after the first pumping cycle. Regardless of experimental imperfec-
tions, the target state population is preserved under the repeated
application of further pumping cycles and reaches up to 91(1)% (all
numbers in parentheses denote 1s confidence intervals) after 1.5
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Figure 1 | Experimental tools for the simulation of open quantum systems
with ions. a, The coherent component is realized by collective (UX, UY, UX2 ,
UY2 ) and single-qubit operations (UZi ) on a string of

40Ca1 ions which consists
of the environment qubit (ion 0) and the system qubits (ions 1 to n). Coherent
operations on S and E, combined with a controllable dissipative mechanism
involving spontaneous emission of a photon from the environment ion, allow
one to tailor the coupling of the system qubits to an artificial environment. This
should be contrasted to the residual, detrimental coupling of the system (and
environment) ions to their physical environment.b, The dissipativemechanism
on the ancilla qubit is realized in the two steps shownon theZeeman-split 40Ca1

levels by (1) a coherent transfer of the population from |0æ to |S9æ (brown
arrow) and (2) an optical pumping to | 1æ after a transfer to the 42P1/2 state by a
circularly-polarized laser at 397 nm (represented by a blue straight arrow).
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Light-cone-like spreading of correlations in a
quantum many-body system
Marc Cheneau1, Peter Barmettler2, Dario Poletti2, Manuel Endres1, Peter Schauß1, Takeshi Fukuhara1, Christian Gross1,
Immanuel Bloch1,3, Corinna Kollath2,4 & Stefan Kuhr1,5

In relativistic quantum field theory, information propagation is
bounded by the speed of light. No such limit exists in the non-
relativistic case, although in real physical systems, short-range
interactions may be expected to restrict the propagation of
information to finite velocities. The question of how fast correla-
tions can spread in quantum many-body systems has been long
studied1. The existence of a maximal velocity, known as the Lieb–
Robinson bound, has been shown theoretically to exist in several
interacting many-body systems (for example, spins on a lattice2–5)—
such systems canbe regardedas exhibiting an effective light cone that
bounds the propagation speed of correlations. The existence of
such a ‘speed of light’ has profound implications for condensed
matter physics and quantum information, but has not been observed
experimentally. Here we report the time-resolved detection of
propagating correlations in an interacting quantum many-body
system. By quenching a one-dimensional quantum gas in an optical
lattice, we reveal how quasiparticle pairs transport correlations with
a finite velocity across the system, resulting in an effective light
cone for the quantum dynamics. Our results open perspectives for
understanding the relaxation of closed quantum systems far from
equilibrium6, and for engineering the efficient quantum channels
necessary for fast quantum computations7.
Lieb–Robinsonboundshave already foundanumberof fundamental

applications8,9. For example, they enable a rigorous proof of a long-
standing conjecture that linked the presence of a spectral gap in a lattice
system to the exponential decay of correlations in the ground state10,11.
They also provide fundamental scaling laws for entanglement entropy,
which is an indicator of the computational cost of simulating strongly
interacting systems12. Despite intensive theoretical work, the extent to
which Lieb–Robinson bounds for interacting spins on a lattice2–5 can be
generalized remains however an open question13–16.
In the context of quantum many-body systems, the existence of a

Lieb–Robinson bound can be probed by recording the dynamics fol-
lowing a sudden parameter change (a quench) in the Hamiltonian. In
that case, a simple picture has been suggested: quantum-entangled
quasiparticles emerge from the initially highly excited state and
propagate ballistically3, carrying correlations across the system.
Ultracold atomic gases offer an ideal test bed for exploring such
quantum dynamics owing to their almost perfect decoupling from
the environment and their fast tunability17. In addition, the recently
demonstrated technique of single-site imaging in an optical lattice18,19

offers the resolution and sensitivity necessary to reveal the dynamical
evolution of a many-body system at the single-particle level.
Our system consists of ultracold bosonic atoms in an optical lattice

and is well described by the Bose–Hubbard model20,21. This model is
parameterized by two energy scales: the on-site interaction,U, and the
tunnel coupling between adjacent sites, J. Driven by the competition of
these two parameters, a quantum phase transition between a super-
fluid and a Mott-insulating phase occurs in homogeneous systems
where each lattice site is filled by an integer number of atoms, !n. In

the one-dimensional geometry considered here, the critical point of
this transition is located at (U/J)c< 3.4 (ref. 22). We observed the time
evolution of spatial correlations after a fast decrease of the effective
interaction strength U/J, from an initial value deep in the Mott-
insulating regime, with filling !n~1, to a final value closer to the critical
point (Fig. 1a). After such a quench, the initial many-body state jY0æ is
highly excited and acts as a source of quasiparticles. In order to
elucidate the nature and the dynamics of these quasiparticles, we have
developed an analytical model in which the occupancy of each lattice
site is restricted to n5 0, 1 or 2 (Supplementary Information). For
large interaction strengths, the quasiparticles consist of either an excess
particle (‘doublon’) or a hole (‘holon’) on top of the unity-filling back-
ground. The quasiparticles inherit the bosonic nature of the atoms, but
they can be turned into fermions (fermionized) using a Jordan–
Wigner transformation. This allows us to partially eliminate the
non-physical states in which a lattice site would be occupied by two
quasiparticles. To first order in J/U, we then find that the many-body
state at time t after the quench reads:
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Figure 1 | Spreading of correlations in a quenched atomic Mott insulator.
a, A one-dimensional ultracold gas of bosonic atoms (black balls) in an optical
lattice is initially prepared deep in the Mott-insulating phase with unity filling.
The lattice depth is then abruptly lowered (arrow at right), bringing the system
out of equilibrium. b, Following the quench, entangled quasiparticle pairs
emerge at all sites. Each of these pairs consists of a doublon and a holon (red and
blue ball, respectively; see key at right) on top of the unity-filling background
that propagate ballistically in opposite directions. It follows that a correlation in
the parity of the site occupancy builds up at time t between any pair of sites
separated by a distance d5 vt, where v is the relative velocity of the doublons
and holons.
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： (                     )で連続変形可能

⼀次元トポロジカル状態がないこ
とに対し、⾮⾃明な⼀次元量⼦セ
ルオートマトンが存在し、イン
デックス(index)という有理数の位
相不変量に特徴付けられる。

更に対称性の制限を課すと対称性によって保護されたインデックス(symmetry protected index)
という新たな位相不変量が現れる。
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インデックスのエントロ
ピー表式と三⾓不等式か
ら演算⼦エンタングルメ
ントエントロピーの下限
を導出できる。
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現象論レベルで上述の下限を理解できる。

1. 量子開放系の非エルミート記述
⾮エルミートシュレーディンガー⽅程式

ジャンプのない量⼦軌跡を後選択短時間発展≃量⼦測定

は（ホモトピー）同値という。

が存在し、且つ

(i) ；

(ii) 、

この定義（点ギャップ）に従い、以下の⾮エルミートトポロジカル相の周期表が得られる：

対称性のない場合（クラスA）、⼀次元系の
整数位相不変量は複素数エネルギーの巻き付
き数であり、「⾮エルミート表⽪効果」（開
境界条件によりバルクモードが局在する現
象）の指標でもある。

(k ∈ ½0; 2π"). Topological phases are absent in one-
dimensional Hermitian systems without symmetry protec-
tion [61–63]; the point-gap topology characterized byWðEÞ
is intrinsic to non-Hermitian systems.
Corresponding to WðEÞ ≠ 0, the boundary modes with

the eigenenergy E can appear in semi-infinite systems with
only one boundary. Suppose the non-Hermitian system has
a boundary on the left but no boundary on the right (the
same semi-infinite boundary condition is chosen below
unless otherwise stated). An important observation is that
the Hermitian Hamiltonian H̃ is obtained by [46,56]

H̃ ≔
!

0 H − E

H† − E% 0

"
: ð2Þ

Under the periodic boundary condition, when a point gap is
open for non-HermitianHðkÞ, a real energy gap is also open
for Hermitian H̃ðkÞ, and vice versa. In addition, H̃ respects
additional chiral symmetry by construction: ΓH̃Γ−1 ¼ −H̃
with Γ ≔ σz. As a result of the conventional BBC for
Hermitian Hamiltonians, H̃ with the semi-infinite boundary
possesses topologically protected zeromodes localized at the
boundary [61–63] in a similar manner to the Su-Schrieffer-
Heeger model [93]. The corresponding topological invariant
coincides with WðEÞ in Eq. (1). For WðEÞ < 0, there
appear boundary modes ð0 jEiÞT with negative chirality
[i.e., Γð0 jEiÞT ¼ −ð0 jEiÞT], which implies that jEi is a
right eigenstate of non-Hermitian H (i.e., HjEi ¼ EjEi)
localized at the boundary. ForWðEÞ > 0, on the other hand,
the boundary modes ðjEi 0ÞT have positive chirality [i.e.,
ΓðjEi 0ÞT ¼ þðjEi 0ÞT], which in turn implies that jEi is a
right eigenstate of H†, i.e., a left eigenstate of H (i.e.,
hEjH ¼ hEjE) [94].
The above discussion is valid for arbitrary E ∈ C in the

complex-energy plane satisfyingWðEÞ ≠ 0. Thus, in semi-
infinite systems HSIBC, the infinite number of boundary
modes with eigenenergies E emerges as a result of the
nontrivial winding number WðEÞ ≠ 0. This conclusion
leads to the following theorem (index theorem in spectral
theory [95–100]):
Theorem I: Let σ½HðkÞ" be the spectrum of HðkÞ with

k ∈ ½0; 2π", which forms closed curves in the complex-
energy plane (Fig. 1). Then, the spectrum of semi-infinite
HSIBC with only one boundary is equal to σ½HðkÞ" together
with the whole area of E ∈ C enclosed by σ½HðkÞ" with
WðEÞ ≠ 0. For WðEÞ < 0 [WðEÞ > 0], jEi is a right
(left) eigenstate of HSIBC localized at the boundary [i.e.,
HSIBCjEi ¼ EjEi (hEjHSIBC ¼ hEjE)].
Theorem I is illustrated with the Hatano-Nelson model

[1,2] without disorder, which is given by

HðHNÞ ≔
X

i

½ðtþ gÞc†iþ1ci þ ðt − gÞc†i ciþ1" ð3Þ

with t > 0 and g ∈ R. The spectrum of the Bloch
Hamiltonian HðHNÞðkÞ ¼ ðtþ gÞeik þ ðt − gÞe−ik forms

an ellipse in the complex-energy plane, and we have
WðEÞ ¼ sgnðgÞ for E ∈ C inside this ellipse. In fact, the
hopping from right to left dominates that from left to right
for g < 0, which leads to the emergence of the boundary
modes [100].
Skin effect as point-gap topology.—The above discus-

sion breaks down in finite systems with open boundaries. In
fact, the infinite number of boundary modes is impossible
in finite systems. Furthermore, an additional boundary
condition is imposed because of the other boundary, which
may forbid some of the boundary states appearing in semi-
infinite systems. For example, the spectrum of the Hatano-
Nelson modelHðHNÞ

OBC with open boundaries forms not a loop
but a line on the real axis in the complex-energy plane,
which signals the non-Hermitian skin effect. In fact, using
an imaginary gauge transformation [1,2,68,76]

V−1
r c†i Vr¼ ric†i ; V−1

r ciVr ¼ r−ici; ð0<r<∞Þ; ð4Þ

we have a Hermitian Hamiltonian H̄ ≔ V−1
r HðHNÞ

OBCVr for
r ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðt − gÞ=ðtþ gÞj

p
. Here, Eq. (4) shifts the momentum

from k to k − i log r. Since this similarity transformation
does not change the spectrum, HðHNÞ

OBC has the entirely real
spectrum and hence no longer retains the point gap.
Saliently, such a non-Hermitian skin effect is a general
non-Hermitian topological phenomenon as a direct conse-
quence of point-gap topology, as summarized in the
following theorem:
Theorem II: Finite HOBC with open boundaries is

always topologically trivial in terms of a point gap.
Consequently, if HðkÞ under the periodic boundary con-
dition is point-gapped topological, the non-Hermitian skin
effect inevitably occurs with a topological phase transition.
To see this theorem, we begin with

lim
N→∞

σðHOBCÞ ⊂ σðHSIBCÞ; ð5Þ

where σðHOBCÞ is the spectrum of a non-Hermitian system
HOBC with open boundaries and N unit cells, and σðHSIBCÞ

(a) (b)

FIG. 1. Complex spectra of non-Hermitian systems with
periodic, open, and semi-infinite boundaries. (a) A semi-infinite
system possesses the infinite number of boundary modes due to
the nonzero winding number W ≠ 0 in the corresponding
periodic system. (b) The spectrum of a semi-infinite system
shrinks through the imaginary gauge transformation, resulting in
an arc of the open-boundary system.
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物理的解釈：⾮エルミート表⽪効果＋
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<latexit sha1_base64="8Vy3yMdGz5XZ1Hr/ddENcgSp2M4=">AAACI3icbZDNSgMxFIUz/jv+VV26CZaCqzpTioqrogi6q2JtoVNLJr1tQ5OZIcmIZey7uPFV3LhQihsXvotpO4tqPRA4fPdebu7xI86Udpwva25+YXFpeWXVXlvf2NzKbO/cqTCWFCo05KGs+UQBZwFUNNMcapEEInwOVb93PqpXH0AqFga3uh9BQ5BOwNqMEm1QM3OaSzwp8A0MLg69HokiYk/IlZgi3iOzc0+0CU/3BbuT4mYm6+SdsfCscVOTRanKzczQa4U0FhBoyolSddeJdCMhUjPKYWB7sYKI0B7pQN3YgAhQjWR84wDnDGnhdijNCzQe0+mJhAil+sI3nYLorvpbG8H/avVYt08aCQuiWENAJ4vaMcc6xKPAcItJoJr3jSFUMvNXTLtEEqpNrLYJwf178qy5K+Tdo3zxupgtnaVxrKA9tI8OkIuOUQldojKqIIqe0St6Rx/Wi/VmDa3PSeuclc7sol+yvn8AnEKibA==</latexit>

g/κ

(a)

(b) (c)

<latexit sha1_base64="TLVsmYrHyb1Aaj74Mttw6xP0KOk=">AAACGXicbZDNSgMxFIUz9X/8q7p0EywFV3WmFHVZFEF3KtYWOrVk0ts2NJkZkoxYpn0NN76KGxeKuNSVb2M6FtTWA4HDd+/l5h4/4kxpx/m0MjOzc/MLi0v28srq2np2Y/NahbGkUKEhD2XNJwo4C6CimeZQiyQQ4XOo+r3jUb16C1KxMLjS/QgagnQC1maUaIOaWSefeFLgSxie7Hk9EkXETsGZ+AF5747Z+QFtwuCm2MzmnIKTCk8bd2xyaKzzZvbda4U0FhBoyolSddeJdCMhUjPKYWh7sYKI0B7pQN3YgAhQjSS9bIjzhrRwO5TmBRqn9PdEQoRSfeGbTkF0V03WRvC/Wj3W7cNGwoIo1hDQ70XtmGMd4lFMuMUkUM37xhAqmfkrpl0iCdUmTNuE4E6ePG2uiwV3v1C6KOXKR+M4FtE22kG7yEUHqIxO0TmqIIru0SN6Ri/Wg/VkvVpv360Zazyzhf7I+vgCq6ie2g==</latexit> Im
E
/κ

<latexit sha1_base64="fEkqFYf34Uob0pWplQXm1J1Faho="></latexit>

g = 0.5κ

<latexit sha1_base64="nu62adj0z775rhi43fUOTzzlkWc="></latexit>

g = 1.5κ

<latexit sha1_base64="ouQ/LH1XhncvQjww2Q0kqebf5qw=">AAACGXicbVDLSsNAFJ34rPFVdelmsBTcWBIRFUQQH6C7KrYKTSg301s7dCYJMxOxhP6GG3/FjQtFXOrKvzFtuvB1YODcc+7lzj1BLLg2jvNpjY1PTE5NF2bs2bn5hcXi0nJdR4liWGORiNR1ABoFD7FmuBF4HSsEGQi8CrpHA//qFpXmUXhpejH6Em5C3uYMTCY1i0459ZSkF9j39k7svDiTeeHdcds7RmFgn25wrwtxDHazWHIqzhD0L3FHpERGqDaL714rYonE0DABWjdcJzZ+CspwJrBve4nGGFgXbrCR0RAkaj8dXtan5Uxp0XakshcaOlS/T6Qgte7JIOuUYDr6tzcQ//MaiWnv+ikP48RgyPJF7URQE9FBTLTFFTIjehkBpnj2V8o6oICZLMxBCO7vk/+S+mbF3a5snW+VDg5HcRTIKlkj68QlO+SAnJIqqRFG7skjeSYv1oP1ZL1ab3nrmDWaWSE/YH18AQT3ndU=</latexit>

∆ = −iκ

L. Leonforte, A. Carollo, and F. Ciccarello, PRL 126, 063601 (2021) 

冪的減衰の起源：グリーン関数の分岐点
＝⾃⼰エネルギーの分岐点

物理的解釈：エネルギー虚部ゼロのフォ
トンモードの状態密度が発散するため
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<latexit sha1_base64="SyjBxqbAlRFjXm1qv7YQuWnravg=">AAACAnicbZDLSsNAFIYnXmu8RV2Jm8FSqJuSlKIui25cVrAXaGOYTCft0MkkzEykJS1ufBU3LhRx61O4822ctllo6w8DH/85hzPn92NGpbLtb2NldW19YzO3ZW7v7O7tWweHDRklApM6jlgkWj6ShFFO6ooqRlqxICj0GWn6g+tpvflAhKQRv1OjmLgh6nEaUIyUtjzruDA0C2PsDYvqbHxfNjWSOXpW3i7ZM8FlcDLIg0w1z/rqdCOchIQrzJCUbceOlZsioShmZGJ2EklihAeoR9oaOQqJdNPZCRNY0E4XBpHQjys4c39PpCiUchT6ujNEqi8Xa1Pzv1o7UcGlm1IeJ4pwPF8UJAyqCE7zgF0qCFZspAFhQfVfIe4jgbDSqZk6BGfx5GVolEvOealyW8lXr7I4cuAEnIIicMAFqIIbUAN1gMEjeAav4M14Ml6Md+Nj3rpiZDNH4I+Mzx9Y3pV/</latexit> |c
e
(t
)|2
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<latexit sha1_base64="CMXVhpHMuZnROpaeBdqAUCvaNuc="></latexit>κ

<latexit sha1_base64="R5Gk4GoQbzqRYWZNOYIp/fNx3ng="></latexit>g

<latexit sha1_base64="CMXVhpHMuZnROpaeBdqAUCvaNuc="></latexit>κ

<latexit sha1_base64="R5Gk4GoQbzqRYWZNOYIp/fNx3ng="></latexit>g

<latexit sha1_base64="clnpMXO8ZS6JcvQQXOnhgGjEuQM="></latexit>

J

<latexit sha1_base64="clnpMXO8ZS6JcvQQXOnhgGjEuQM="></latexit>

J

(a) (b)

<latexit sha1_base64="RAFdJiunVzNlzvnd2bwzXo/CyHE="></latexit> E
/κ

<latexit sha1_base64="3IpeYKTqh4AnmWr63O06mf45O60="></latexit>

k
<latexit sha1_base64="ydTPP02cuZVniaPZVJJNmOeL3Ss="></latexit>

DOS

<latexit sha1_base64="yfvS5LqgtJqTWn5M4sUbffRuRlg="></latexit>

κt

<latexit sha1_base64="px8IbFTeUF/TNXWDo4SmonUNHZw="></latexit>

Re
<latexit sha1_base64="KR6lnZvMya5NkkYlLbUiHG2aOhk="></latexit>

Im

(c)

<latexit sha1_base64="GvnEjdJ4ynd3p5fdGJR8owpKElA="></latexit>

∝ t−1

<latexit sha1_base64="snlErDdrdVeslGK1B+n9ah5FHQQ="></latexit>

∝ t−3

<latexit sha1_base64="28AAK6JOZFF/ZdGcfSEx/6TQAlw="></latexit>

A
<latexit sha1_base64="y6kuXTIF7wKJo4ViXHetHiAY0XE="></latexit>

B

<latexit sha1_base64="28AAK6JOZFF/ZdGcfSEx/6TQAlw="></latexit>

A
<latexit sha1_base64="y6kuXTIF7wKJo4ViXHetHiAY0XE="></latexit>

B
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エミッターのグリーン関数：
<latexit sha1_base64="QX87rOsnSeytY+Gs8eO3y3RXv8Y="></latexit>

G(E) = (E ��� ⌃(E))�1

部分空間への射影演算⼦

⾃⼰エネルギー

<latexit sha1_base64="jx1x/KnOsh/u/nmLeXy8AaPuyOc="></latexit>

H = H0 � i
2

P
j L

†
jLj


